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The problem of stabilizing programed motions of mechanical systems
with holonomic and nonholonomic relationships is considered for various
degrees of information about parameters of the equation of motion, First,
the laws of control that stabilize programed motions in the nonadaptive
case when parameters of the equation of motion are known and the initial
perturbations are arbitrary, are synthesized. The adaptive control is con-
structed on that basis; such control ensures after the transitional process of
adaption the closeness of the actual and programed motions, Solution of the
adaption problem is based on the method of finite-convergent algorithms
for solving systems of inequalities proposed in [1]. Estimates of the time
taken by the transitional process are presented for the adaptive and non-
adaptive cases, Application of proposed algorithms for adaptive stabilization
of programed motions of a transport robot on a caterpillar undercarriage
and of a robot manipulator is discussed [2-5],

1, Statement of the problem, Let us consider a mechanical system defined by an
equation of the form

A, ¢, 8¢ +blgd, 8 =u (1. 1)

where ¢ isthe n vector of the system generalized coordinates, and ¢" and ¢" are
its first and second derivatives with respect to time; u is the n-vector of generalized
forces which play the part of control; § is the r-vector of the system parameters; 4 (g,
¢, &) isan n X n nonsingular matrix-function, and b (g, ¢’, E) isan n-vector
function, The conditions of existence and uniqueness of solution of Egs. (1. 1) are satis-
fied, since system (1. 1) consists of Lagrange equations of the second kind for which these
conditions are always satisfied, Let Qg Qg+, and @ be bounded sets of admissible val-
ues of phase variables ¢, and ¢° , and of parameters E.

We shall consider two kinds of relationship z between the m-vector z of the con-

sidered variables related to the functioning of system (1. 1), and g
(1.2)
z=1(g (1.3)

2 =f (z’ q, q.)

The relationships (1. 2) and (1. 3) are usnally referred to as holonomic and nonholonomic,
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respectively,

Strictly speaking, the correct form of equations of motion of systems with nonholo-~
nomic relationship (1.3) require the introduction of variables z and z° to the argu-
ments of the matrix function A () and vector function & () . However for the sake
of shortness of formulas this is omitted, since all subsequent reasoning is essentially in-
dependent of that requirement,

An example of 2 mechanical system with a holonomic relation is the multilink ma-
nipulator [2,3]. In it vector ¢ defines the manipulator configuration (components of
are angles between links, etc,), and z defines the position of its gripping mechanism
(components of z are the coordinates and, possibly, directional cosines of the gripper).
A trolley on wheels or on a tracked undercarriage provides an example of a mechanical
system with nonholonomic relationship, In that case the components of ¢ are the angles
of turn of the wheels or of the sprockets driving the tracks, and the components of z are
Cartesian coordinates of the trolley and its heading angle,

The programed motion will be defined by the vector function z, =z, (f),1 > £,
such that function ¢p (f), which is the solution of Eqgs, (1, 2) or (1.3), after the substi-
tution 2 = 2, (!) and z° = 2, (¢) satisfies conditions

D gpOEQ, @ E QF Vit :

2) gp" (¢) is piecewise continuous and || gp” (¢) || << ¢ ¥t > ¢, where @
Qq, Q3 C Q, , and the distance between the boundaries of sets Q' aud Q3 and
the boundaries of sets Q, and Q,- is, respectively equal §, and §,, The positive pa-
rameters 8§, and §, are later selected on grounds of the necessity to ensure phase con-
straints on the real motion for all { > {,. .

Note, 1°, Usaally » > m , i,e. Eqgs, (1.2) or (1, 3) are nonuniquely solvable
for ¢ . This ambiguity (the system kinematic redundancy) can be used for satisfying
certain supplementary conditions (bypassing obstacles, selection of optimal ¢ (t) for spe
cified z, (¢}, etc,). When »n < m, a part of components of vector z is a function of the
remaining ones and can be discarded,

2°, Phase constraints can be reformulated in terms of z (by using the equations
of relation (1. 2) or (1,3)), Namely, z = ¢, and z & Q,.. The programed motion
zp () must satisfy conditions z, (1) = 0., z (e Q,%, zp" () must be piecewise
continuous, and [ zp" (O cpforall 2> ¢, .

3°. The definition of programed motion must include the stipulation that the phase
constraints on programed motions must be satisfied with some " margins” §, and &,.
Below we adduce formulas for calculating §, and §, using a priori known parame-
ters and the discrepancy between real and programed motions at the initial instant of
time, In practice the selection of programed motion may be, for instance, as follows;
select a function to define the programed motion, measure the initial discrepancy (the
actual initial state of the system is always assumned known ), calculate margins &, and
8, with which phase constraints must be satisfied, and check that this is so in the case
of the selected function for all t 2> f,. If the constraints are satisfied that function is
taken as the programed motion. Otherwise, another function with smaller initial dis-
crepancy is selected, and the described procedure repeated.

In the scheme considered here the programed motion is assumed to be specified
and to satisfy all necessary conditions.



On adaptive stabilization of programed motions 883

The aim of the control is to realize the programed motion of the system with the
best possible exactness. If Zp (tg) = z (to), 2, (t) = 7' (o) and gp (t) = ¢ (to)
and the initial parameters of the equation of motion are known, the programed control
law up (8) = A4 (gpy @0y E) 9o~ + b (gpy 9p» &) ensure the required motion, i.e.
the actual motion z () conforms to the programed one 2z, (f) forall ¢ > t,. How-
ever under real conditions parameters & of the equation of motion can only be known
with an accuracy to within their belonging to the specified set (J;. Furthermore initial
perturbations are present, i.e. z (f,) 5 2p (fp) and z° (¢,) % 2zp (¢,). Hence it is not
possible to use the programed control up (2) .

The problem of adaptive stabilization of programed motion consists of synthesizing
the control law u = U (g, ¢, z, z’, t) in the class of piecewise continuous bounded
functions which for any parameters & & (: and any initial perturbations ensure the
transition of the system to the programed motion within specified accuracy beginning at
a certain instant of time 1, > to

2@ —zo (@) | <&y, 2 () —2p () || <& VIS0, (1.4
VE = 03.7 €1y &y > 0

The time 7, — &y, e = &, (81,‘82, ) ,is called the time of the adaptation trans-
ition process in the sense of the specific condition (1. 4).

The formulated problem is solved in two stages, First, on the assumption that para-
meters & are known, the stabilizing laws of control, different from those proposed ear-
lier [6-8], are derived. Then, on the basis of such nonadaptive control scheme, the adap-
tive problem is solved by reducing it to the solution of a system of inequalities for the
parameters of the sought control by the method of finite-convergent algorithms proposed
in [1].

2, Stabflization of programed motions in the nonadaptive case, Let us assume that
parameters E of the equation of motion (1. 1) are known, We shall, first, consider me-
chanical systems with holonomic relationship defined by (1.1) and (1. 2), and devise the
stabilizing control on the basis of the stipulation that the difference between real and
programed motions e, (f) = z () — 2p (t) or e, (f) = ¢ (t) — gp (1) must satisfy
the differential equation of discrepancies

e’ =T + Tye (2.1

where I'; and T, are constant matrices such that the zero solution of this equation is
asymptotically stable,

The discrepancy equation can generally be selected from the class of second order
nonlinear differential equations which have a trivial solution and ensure the specified
quality of the transition process. In the described variant the selection of matrices I
and T, (and later of B, and B, ) depends on the specification of the transition process,
and is carried out by methods of the theory of linear differential equations, in particular
these matrices may be selected on optimization considerations,

The normal form of Eq, (2. 1) is

0 I

e
E*=TE, E="e.”, I'= I, T,
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where 0 is a zero matrix and 7 is a unit matrix of comresponding dimensicn, We assume
that the eigenvalues Vi of matrix I', which is stable, have a unit multiplicity, Then
the estimate

TE@I<CIE@)|expl—ry@—1t)l, v= (2.2)
— max; {Re y;}

where C is a positive constant dependent on the selection of matrices I'y and T, , is
valid,

In the considered holonomic case we stipulate that the quantity ¢, () must satisfy
the discrepancy equation (2, 1), We select the margins

8, =8 = C I E;(to) I, Eq (D) = (e, (1), e, ()T

Theorem 1. If function f (¢)in(1,2) and its first derivative with respect to time
71 (g, @) = (df/dq) ¢ belongs to Lipschitz's classes with respect to its arguments with
constants L, L, and L, , respectively, then the control law

u=A41(q4q, 8 lg" +T,(q — gp) + Ty (g — gl + (2.3)
blg, ¢, &

ensures the fulfilment of condition (1. 4), and for the transition process time the estimate
CLYE, ()}

C{L LMNE (& 2'4
ty — o a(-%—max{ln o , I Lo+ ;;W q(o)lé} (2.4)

is valid,

Proof, The control (2.3) is obviously piecewise continuous and bounded, Let us
close by this control the system (1.1), Owing to the reversibility of matrix 4 (.) we
have

e, = The, - Iyeq

Since || eg || << || Ey | and | &g | << || Eq ||, hence taking into account (2. 2) we ob-
tain

g —ap(t)] } (C Eq(t) | expl— v (t — to)]

e —ap )] | SC

The actual motion ¢ () does not fall outside the admissible sets @, and Qg since it
does not diverge from the programed motion by more than C | E, (¢,) |-
The estimates

12 —zp (0) | LC | Ey(tg) | exp [— v (£ — )]
[27 () — 2 (1) | << C (L - Lo} || Eq (8) || expl— v (t — t,)]

are evidently valid,
Solution of the system of inequalities



On adaptive stabilization of programed motions 885

LC | Eq (%) || exp [_'\; (t—t)l< &
C(Lq + Lg) | Eq (to) || exp [—y (t — to)]l < &, Ev &>V
yields

E .
t—to>‘%max{ln CL| q(to)” ’ 1n C (Lq—{—LQ)”Eq(tO)"}

& €

from which directly follows the required estimate (2. 4).

Let us consider the nonholonomic system whose generalized coordinates z and ¢
are related by Eqgs. (1.1) and (1. 3). In this case the closeness of z (f) and 2z, (t) to
z' (t) and z, (f) in the sense of (1.4) does not generally follow from the closeness of
g (t) and gp (¢) to ¢" () and ¢, (f). Hence the control law (2. 3) determined by
Theorem 1 does not ensure the attainment of the specified conditions (1, 4) for systems
with the nonholonomic relationship (1. 3).

Unlike in the holonomic case in constructing the control , we aim here at subjec-
ting the quantity e, () to the discrepancy equation (2, 1), We introduce the notation

e, (2.5)
Ht, T, Ty =z, +T1(z —2p) + Talz —2p), E.= “

[

z

and select the margins 83 = 8, = C || £, () ||

Lemma 1, The vector function ¢y (¢) selected for ¢ >> £, on the basis of
condition
t

\H (t, Ty, Ty dt + 7' (t)) = £ (2, v, 03) (2.6)
to
2y (to) = q (fo)s Gy (fo) = q" (fo)

satisfies phase constraints and ensures the fulfilment of conditions
lim |z () —z @) | =0, lim|z (@) —2 (]=0, t—= 20D

and consequently, also, of conditions (1.4).

Note 4°, For actual mechanical systems Egs. (1.3) or (2, 6) have unique solu-
tions for variables ¢ ( or part of these when n > m), If these equations are algebraical-
ly solvable for ¢  (which is not always so), a numerical solution can be obtained by one
of the conventional methods, However even in the case of unsolvability (as in the exam-
ple considered below) it is usually possible, with allowance for the particular properties
of Egs. (1.3) or (2.6), to obtain a solution; function ¢, (¢) is assumed to be piecewise
continuous, which usually happens when 2z, (1) is piecewise continuous.

Proof. From (1.3) and (2, 6) we have

t
o = H (@, Ty, Ty dt + 27 (t)
to
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and after differentiation with respect to time
2 =H (T, Ty) =2" + 118 —27) + T (z2—z)

or ¢, = I'\e,” 4 I'ye,. By virtue of (2, 2) and (2. 6) we obtain

Iz —2zp () |
[z () — 20 )]

from which follow conditions (2. 7) and consequently, also, {1.4). Actual phase variables
z and z' do not deviate from the programed by more than ( || E, (¢,) ||, hence
the phase constraints are not violated, In terms of ¢ the motion g, (¢), which in con-
formity with the previous statement does not fall outside the admissible sets, corresponds
to that motion.

Theorem 2, The control law

u=AI(q, 8¢" +b(q,E) (2.9)

(2.8)
l<ciz@ien—ve—mw)

where ¢, (£} is selected in accordance with Lemma 1, ensures that all conditions
g () = gy (¢) are satisfied for all # > ¢, , and consequently guarantees the fulfil~
ment of conditions (1,4).

Proof, We substitute control (2.9) for system (1, 1). Owing to the reversibility of
matrix 4 (+) forall ¢ > ¢, we obtain ¢,” (£} = ¢" (¢) . Integrating twice and ta-~
king into account the coincidence of initial conditions we satisfy the requirement, Piece-~
wise continuity and boundedness of controi (2., 9) is checked by obvious means,

Let us estimate the time of the transition process, By solving the equality

Cll B, (1) | exp [—y (t — )l < e, ¢>0
we obtain

Ity by =ty —-’LIn CHE, (t)
v £

Taking into account (2, 8) we find that conditions (1. 4) are satisfied at least from
the instant of time f, when g, =g, = ¢.

3, Adaptive stabilization of programed motions of mechanical systems, Let us con-
sider the case of practical importance in which parameters § in the equation of motion
(1.1) are unknown. In that case it is not possible to use control laws (2. 3) and (2. 9), and
it is necessary to construct an adaptive control,

We assume that the following conditions are satisfied:

1) the equation of motion is of the form

G, d, ¢ @E =u (3.1

where G (+) isan n X N matrix function and 7 () isan N-vector, and
2) the set @r = 7 (Q¢) is convex in RN,
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Let us consider the nonholonomic system (1. 1), (1. 3) (the holonomic system (1. 1),
(1.2) is analyzed in the same way).
We define the control law by the formula

u==GIlg,¢,¢" + By (@ — ¢¢") + B, (g — q.)ly, (3.2)
t €= (ty, tgeq

where B, and B, are certain n X n matrices, T, isan V- vector to be taken as
the estimate of the unknown vector T (&) in the time interval (fy, ty,l, & = O,
1 .. .and {# are the instants of vector T corrections, defined below. The control
(3.2) is obviously piecewise continuous and bounded,

Let us consider the subsidiary inequalities

O, tmt)=e, — |-G 9,9 >0, &>0 (3.3)

which are obviously solvable with margin e, for © = 7 (§) . Hence the finite~-con-
vergent algorithms of the form

Ty, ecau O (Ty, Ty, t) >0
r [Tk7 G)(Tk, Tk tkl)]

Tkt = { 3.4

where #,’ is the first instant of time in the interval (£, ty¢y] such that @ (T, Ty,
%)< 0 and T, isan arbitrary N- vector ¢ of the initial approximation, can be
used for solving the above inequalities (for further details see [1~4]). These algorithms,
called adaption algorithms, guarantee that (3, 3) is satisfied for all ¢ > ¢, and T =
T, = const , after the finite number 7r of violation of inequalities (3. 3) and, con-
sequently also after r corrections of T in accordance with (3.4). In other words, the
estimate Tx of vector T (£) becomes "frozen" from a certain finite instant of time,
and inequalities (3. 3) are thereon satisfied.

We denote by 0 the time required for calculating 7,,, on the basis of T, by
(3.4). Then obviously ¢, = ¢’ - 0 , and inequality (3.3) is valid for ¢ <=
Uy (&, tgeq — 0] and violated for t & Uy (L4 — 9, tyi1 -

An example of the recurrent finite-~converging algorithm is (3, 4) with

T v @ (1 T &) = Po, [t + GT (GG~ (u () — Gyt)] (8.5)
To & Qs Gy = Glg (&), ¢ (&), ¢ ()]

where Pq_ is the operator of orthogonal projection onto set (J-. It can be shown that
for r corrections of algorithm (4. 3), (3. 5) the estimate

) — ol O 3.6
O W% g = supl G @9

TS

is valid,
All quantities in the left-hand side of inequalities are bounded, hence there exists a
positive number A such that
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” u—G(Q7 (1.’ (]")T ”<A7 t> tO
Below we shall need the following lemma,
Lemma 2, Let matrix

I'=

VR |
x

be stable and its eigenvalues 9; have a unitary multiplicity, We assume that the vec-
tor function 7 (£) is piecewise continuous in [Zy, o0) and satisfies the condition

8, t & [to, o)\ F
o]y ©.D

and that the Lebesgue measure p (F) < v, where 8, A, v are some positive num-
bers. Then for the solution of equation

¢ =T 4 Ty + 1 (f)

with initial data e (f;) and e" (f;) the following estimate is valid:

le)] c

< Cexpl—y(t—t)l | so] + -5 6 4 Cav
“e.(l)”}<\éexp[ V=t sl 4- = 6 4 G
so = (e (to), € (o))", vy = —max; {Rey;}

where C is some positive constant,
The proof of Lemma 2 is trivial (see, e, g., [7]).
Condition 1) and formulas (3.2) imply that

u=A4(q,q,8) lo." +B (@ —q') + By (g — q)] +
b ((Z7 (]'» gk)

where vector & & (J; issuch that T (§;) = 1, &= Q.
We have

v—u=Aq¢ 8 ¢" —a" — Bilg — ) — By (y — ¢)]
v Gl = A B b, g E)
If e, (t) = ¢ () — q.(t) , then
e =B + Byey - A, 4 &) (0 —u), e (b)) = e, ({) =0 (3.8)
and by virtue of (3, 2)=(3. 5) the estimate
C e, 1 [lg, ~o) N F (3.9)
I g a7 B (0 =) - A pee e |

Cy=sup [ A1 ()], 1<r
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is valid,
It is obvious that the Lebesgue measure p (F) < r0,
We assume that matrix

0]‘

B=1lp ».

is stable and its eigenvalues have unitary multiplicity, then, applying Lemma 2 to Eq.
(3.8) and taking into account estimate (3, 8), we obtain

leq ()]
lea ()|

c (3. 10)
} < ?_q Cagy -+ CaC, A0
q

From (3. 8) we have
. e, '
leg”™ () | <CoCa <W + Ar(i)) U BB ) =] (3.11)

)= 4" ¢, &) (v —u)

Differentiating conditions (2, 6) and (1. 3) with respect to time we obtain

d ., . af . 0 ., 0 .
H(t, Ty, Iy) = —f(z, ¢, (Iv)za‘ﬁz +—f_(/v 'f(,_q/-'lv =

dq
f(z 2% @y, 4y Gy°7)
Z" = .fl (Z, Z., q, q.’ q")
Let us assume that function f, (+) belongs to Lipschitz's class with respect to ¢, ¢ ,

and ¢ with constants L, L., and L. , respectively. Then, taking into account (2, 5),
(3, 10), and (3. 11), we obtain

|z° —2p" — (2" — 2, ) =Tz —2p) || = | f1 (2, 2", ¢. ¢4 ¢7) —
F1(2,2° @y @y @) | <KLl g () — gy (O | + Lo | ¢ () —
gy O+ Lo 67O —a" (O <L+ Ly + L X

C
(” B, “ + “ B, ||)) (Y_(I CAgu + CQCAAr9> -+ Lq" ” n (t) ||

We introduce the notation

e (B) =z (8) — 2 () )
(Lo + Ly + Lo (1 By | + | B D) (?—" Catu + C,CABD)= K (60
q s

and obtain .
e, = Tie, + Tee. + T (9)
K (Eu, r, e) + Lq"CAeuv <= [t09 O&) \ I

” ;(t) ” < K(Eu, r, e) + Lq"CAA, te= F = U (tk —~'9, tk]

{
k=1
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Applying once again Lemma 2 we obtain the estimate

Iz —zp ()| i (3.12)
120 — 2oy | S Co 1B o lexplo et = to)] + ¥ e, 7 )

(
k4 (8“, r, e) = 2 (Lq"c4481L+K (Su,’ r, e))+(/‘zre(LqCAA +K(8u»r76))

7

Ez (to) = (ez (t0)$ ez. (to))T

This shows that the considered adaptive control can ensure the fulfilment of (1.4)
when &y = & == & > Y. 1f the actual motion z () is to satisfy phase constraints, it
is necessary to stipulate that these constraints must be satisfied by the programed motion
zp (¢) with margins 85 == 8, = C, | E. (&) | + Y.

Let us estimate the time f, — %o of the adaptation transition process. Solving the
inequality

Coll Ex (t) | exp =y, (t — )] + ¥ << e, &> W
with allowance for (3. 12), we obtain

C|\E, (t
te — o .;i—\—:—in%)—“—
z

(3.13)

In this way the following theorem has been proved.

Theorem 3, Assume that conditions 1) and 2) are satisfied and that matrix B
with simple eigenvalues is stable, and that function f, (-) belongs to Lipschitz's class
with respect to ¢, ¢" and ¢~ with constants L,, L, and L. , respectively.Let
also the phase constrictions on zp (#) be satisfied with margins 83 = 6, =
C.| E, (t,) || +¥. Then the control (3.2)-(3.5) ensures the fulfilment of conditions
(1.4) with &; = ¢, = ¢ > ¥, and the estimate (3, 15) of the adaption transition pro-
cess is valid,

In practice the time of the adaption transition process must be as short as possible.

This can be achieved by the optimal selection of parameters g, and 0 (which defines
the time-optimal action of algorithm (3. 4), (3. 5)) with the aim of minimizing the right-
hand side of inequality (3. 12), We substitute estimate (3, 6) for the number r of cor-
rections, Then, taking into account that J¥ / 98 = 0, we take the shortest possible
time 0 = 6* (limited by technical characteristics of the adaption algorithm), After
this we select ¢,* > 0 on the basis of minimization of function ¥ (e, 0,). Such
e,* exists and is unique, since ¥ (g,, 0,) as a function of ¢, is of the form

s oy a
lF(Elu 8*)=a1€u+—é“‘+8—§+ 8—44, (li>'0
u u w

Thus the optimal estimate of the time of the adaptation transition process for & >
¥ (g,*, 8,) is of the form
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CE, ()]
e— ‘}"(gu*’ G*)

tye —to < :—Z In

In the particular case when || £, (¢,) | = 0 and &> ¥ (g,*, 0,) the time of adap-
tation transition process is zero, i, e. conditions (1.4) are satisfied from the initial in-
stant of time ¢ = {, = ?y due to the adaptive tuning of parameters T, of the con-
trol law (3, 2) in conformity with (3, 4) and (3. 5).

4, Examples, Let us consider a transportation robot in the shape of a self-propelled
trolley on tracks, for which the equations of nonholonomic relationships (1.3) are (with
some degree of idealization) of the form

2= (0 +9) C0s P, ¥ = 5-(¢1" + s sinp (4.1)

\p' = 'ZrT ((pl. —_ q)z.)l P (tO) = @ (tﬁ) — 0‘ \P (t()) — '470

where =z, y are Cartesian coordinates of the middle of the axis with the driving sprockets
of tracks, ¥ is the angle of the trolley course, @1, ¢» are the angles of rotation of dri-
ving sprockets of radius r , and ! is the trolley half-base, Integrating the third of
Egs. (4, 1) and substituting the result into the first and second of these, we obtain

z” r . .. Jcos r

{y'} =3 (1" 4 @2) {sin} ['ﬂ' (P1— @2) + "Po] (4. 2)
Hence z = (z, »)T and ¢ = (91, q>2)T. Equations (4. 2) cannot be solved algebraically for
@' and @ itis, however, possible to express these quantities in terms of variables

z (see Note 4°), namely

. 1 = Y — 'z
P10 =7—(V¢2+y + l"“—>

z.z + 1’.2'

Hence formulas (4, 2) satisfy the conditions of Lemma 1, The form of these shows
that they belong to nonholonomic Chaplygin systems, The equations of motion are of the
form (1.1), where A (+) = A (§) is constant nonsingular 2 X 2 matrix whose elements
depend on the mass, moments of inertia, and linear dimensions of various parts of the
trolley, b (+) = b (¢°, E) is a 2-vector function which depends on ¢'" and parameters §
which in addition to the previously indicated contain coefficients of (internal and ex-
ternal) friction, and u = (uq, u2)T is the 2-vector of control moments., The equations
of motion and relationship satisfy stipulations of Theorem 3, consequently, the derived
above algorithms may be used for calculating the adaptive stabilization of programed
motions a transport trolley.

Similar algorithms may, also, be used for the adaptive stabilization of programed
motions of a robot manipulator which is a system with holonomic relationships, A de-
tailed exposition of solution of that problem are given in [2-4] together with experimen-
tal results of its simulation on a computer.
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